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XIII. Hydmuik' Btvesiigaiions^ suBement to an iniieMedCri^o^ 

nian - Lecture" t)7i the '' ^' Motion,'^ of ^; 'the '"'Bho£''''' By Tltdrtm^ 
Yourigj' M. D. " For.l^ec. R.'S.^' ' ■■" 

■ Eje^§ .May ^ §i ' 1 808 • ■- 

h J^^^^^^^ Fluids mming inPipes^ 

and of the Velocity of Rivers. 

XIaving lately fixed on tlie disciission of the nature of in- 
flainniation, for the subjeet of an academical exercise, I ioiind 
it tiecessary to examine attentively the mechanical principles 
of the circulation of the blood, and to investigate minutely 
ahd comprehensiviely the motion of fluids in pipes, as afiicted 
by friction, the resistance occasionfed by flexure, the laws of 
the propagation of an impulse through the fluid contained in 
an elastic tube, the magnitude of a pulsation in different parts 
of a conical vessel, and the effect of a contraction advancing 
progressively through the length of a given canal. The phy^ 
siological application of the results of these inquiries I shall 
have the honour of laying before the Royal Society at a future 
time; but I have thought it advisable to communicate, in a 
separate paper, such conclusions, as may be interesting tQ 
some persons, who do not concern themselves with disqui- 
sitions of a physiological nature ; and I imagine it may be a^ 
agreeable to the Society that they should be submitted at pre- 
sent to their consideration, as that they should be withheld until 
the time appointed for the delivery of the Croonian Lecture. 

It has been observed by the late Professor Rjobisok, that 
the comparison of the Chevalier Dubumt's calculations with 
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Ris experiments is in all respects extremely satisfactory ; that 
it exhibits a beautiful specimen of the means of expressing the 
general result of an extensive series of observations in an 
analytical formula, and that it does honour to the penetra- 
tion, skill, and address of Mr. Dubuat, and of Mr. de St. 
HoNORE^, who assisted him in the construction of his expres- 
sions. I am by no means disposed to dissent from this enco- 
mium; and I agree with Professor Robison, andwith all 
other late authdrs on hydraulics, in applauding the unusually 
accurate coincidence between these theorems and the experi- 
ments from^ which they were deduced. But I have already 
tafce^rithe liberty of remarking, in my lecture on the history 
<^liydraulics^that the form of the expressions is by no means 
so :convenieBt for practice as it might have been rendered ; 
and they are also liable to still greater objections in particular 
e^ses^ since> when the pipe is either extremely narrow, or 
' extremely long, they become completely erroneous : for 
iiDtwithstanding Mr. Dubuat seems to be of opinion, that a 
canal may have a finite inclination, and yet the water con- 
tained in it may remain perfectly at rest, and that no force 
can be sufficient to make water flow in any finite quan- 
tity through a tuhe less than one twenty-fifth of an inch 
in diameter, it can scarcely require an argument to show that 
he is mistaken in both these respects. It was therefore neces- 
sary for my purpose to substitute, far the fbrmute of Mr. 
BuBtJAT^ others of a totally different nature; and I could fol- 
low Dubuat in nothing but in his general mode of considering 
a part of the pressure, or of the height of a given reservoir, 
as employed in overcoming the friction, of the pipe through 
which the water flows out of it ;• ai principle, which, if not of his 
original invention, was certainly first reduced by him into a i 
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tdlleetiil Mtli some of Gerstner, and soffle of my own, I 
MvetiiltimMely discovert a fo^ 

fttllj as well ais DtifiiTAT's, with the experiiBentsfroni which 
his ^ules were deduced, which accords better with Gerstner's 
experiments, which extends to all the extreme cases with equal 
gccuracy, which seems to represent: more simply thej actual 
operation of the forces concerned^ and which j^ direct iniiits 
application to practice, without the necessity of any successive 
approximations. 

I began by examining the velocities of the water >djscharg;ed, 
through pipes of a given diameter, with different degrees of 
pressure; and I found that the Mction could hot be represented 
by any single power of the velocity, although it frequently 
approached to the proportion of that power, of which the ex- 
ponent is 1.8; but that it appeared to Consist of two parts, tlie 
one varying simply as the velocity, the other as its square. 
The proportion of these parts to each other must however 
be cdnMdered as different, in pipes of different diameters, 
the first part being less perceptible in very large pipes, or in 
rivers, but becoming greater than the second ih very" miriiite 
tubes, while the second also becomes greater, for each given 
portion of the internal surface of the pipe, as the diameter is 
diminiiihed. 

If we express, in the first place, all the measures in French 
inches, calling the height employed in overcoming the friction 
% the velocity in a second t^, the diameter of the pipe ^ Md 
its length /, we may make f^za-^v'^'^^ ^7'^^ for it is ob- 
vious that the friction must be directly as the length of the 
jpipe r aWd since the pressiiif^ is proportional to the area of the 
section, and the surface producing the friction to it;s circumfo- 



also fe%iii¥p*aaly;::aa;tlie^ cli^met^K^ .oi; ipegrly/, sf ^^:a$ I|uBiJA|Fv|ias 
justlj^ c^ierved.;;;;,^''^ jshall.^ find that ;a mustrbe;.f oo©aoi 
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i\©3fc> wp ^ -|- ^ ) ) • Heiiee it IS easy to calculate tile veldeity 
iw iwy gi^eil pipe c)rrMf; and with any given head of water. 
Wim th# height reqiaii^dlbrpt'odiiCiri the ¥elocity, indepen- 
dfii tiy €^l^ fMctioTi ; is| acc<Srdlng to DiJBWAiT y i^ ^ or father, Ms it 
iaflpJitM fro^ almost aE the ^ experiments which I have cdhi- 
pared ^ — ; and the whole height A is therefor^ eqiiM to^ -^ -— 

Brl'z^ 1% 'J^-^dL Vp^ '-[-'■ fi'x^'; arid malcing''d and 

^ =^ -J, v^ 4" 2^^ ^= ^^? whence i; ==: %/ {bh -f-^^ ) — ^. In 
order to adapt this formula to the case of rivers^ we mpst 
make / infinite; then b becomes -, and bh==z ---. 7 = ^ , s 
being the sine of the inclinat:ion^ and^ four times the hydraulic 
mean depth ; and since e is here z:=^'-.^,,v =z:^^^ ^"^ f ^"""^^^ arid an 
l|i.ost fivers^,, '^becomes ^nearly ^y^( soooo-^ ). 

In order to show the agreement of these formufe with 
the result of qbgerya^tiop, I have extracted, as indiscriminately 
andjn^p|iti^lly,,as^^^^^^ of the experiments , made 

and collected by Dubuat; I have added to these some of 
Gerstner's, Vv^ith a fewof my own; and I have compared the 
results of these experiments with Dubuat's calculations, and 
with my own formula, in separate columns. There are six 
of Dubuat's experiments which he has rejected as irregular, 
apparently without any very sufficient reason, since he has 
accidently mentioned that some of them were made with 
great care: 1 have therefore calculated the velocities for these 
experiments in both ways, and cpinpared the results in a se- 
parate table. 
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Tabular Comparison of Hydraulic Experiments. 
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It appears from this comparison, that in the forty experi- 
ments extracted from the collection, which servedf at a basis 
for Dubuat's calculations, the mean error of his formula 
as ^^ of the whole velocity, and that of mine ^ only ; but 
if we omit the four experiments, in which the superficial 
velocity only of a river was observed, and in which I have 
calculated the mean velocity by Dubuat's rules, the mean 
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error of the remaining 36 is jj, according to my mode of 
calculation, and ™ according; to Mr. Dubuat's ; so that on 
the wholej the accuracy of ? the two formute|may be con- 
sidered a^s precisely equal with respect to these experiments. 
In the mx experiments which Dubuat has wholly; rejected, 
the mean error of his formula is about ^, and; that of 
mine ^. In^ fifteen of Gerstner's experiineiits, tihe I mean 
error qf JpumjAx's rule is one third, that of mir^eonle fourth ; 
and in the three experiments which I mMe with jveify fine 
tubes, the ei^dr of my own rules is one f^ 
while in such cases Dubuat's formulae completely fail. I have 
liyterWined the nie^ti error by adding tog^th^i^ th§ Idgit-ih- 
mio ratios of all the results, and dividing the r Sum by thi 
nprnfeer of experiments. It would be useless to seek for a 
i]^ckgr<eater degree of accuracy were probable that 

the errprs of the experiments themselves were less than jthos^ 
df the calculations ; but if a sufficient number of extremely 
icicfcurate and! frequently repeated ■ experiraehts'-"Cotifd-''be" &b^ 
tainfed , it woul d be very pos sible to adapt rriy forhi tilci % till 
ffiore correctly to^ their results. 

''^'Ili' drder'to^, facilitate the- torn puta^^^^ F'have! rdade- a'laMfe 
bf th^^coefficients a and' '^' for the different valued 'Wii^' 'Mil ilfd 
measures being still expressed in^Frehch inches^o' 
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JPj5K>exarnpleviA ^^^ last experiinent, wh^re 4 is j, / 4t, iiiifl 
i*si7>fl9 weshave 4^= ,0000^59, 6 == ^^. ^ ^ .60182 ~^^^> ^'"^ 
%6<^i(M^,e^bd:d==: .23, and z; == t/ (fe^4-e°) — e = ll8. 




WHicii' Agrees with the experiment within ^^i^ of the whole. 
I had at first employed for a the formula ^ ^ ^ - 7 -^ 4- -j -{- g^, 

but I found that the value, thus determined, becarae too great 
p:hen d was about 20, and too small in some other cases. 
Coulomb's experiments on the friction of fluids^^^^^j^ 
||l«pnsi of the torsion of wires, give about .00014 for the value 
of ^1 1 which agrees as nearly with this table, as any constant 
number could be expected to do. I have however reason to 
think, from some experiments communicated to me by Mr. 
Robertson Buchanan, that the value of ^, for pipes about 
half an inch in diameter, is somewhat too small ; my mode of 
calculation, as well as Dubuat's, giving too great a velocity 
in such cases. 

If any person should be desirous of making use of Du- 
buat's formula, it would still be a great convenience to begin 
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by determining v according to this method ; then, takini 



to prlceei in calculating jt; jBy the fbr|nula{ 2; 1=1148.5 

( Vd p^^_ )j: {^^^ laicei thik : 4i:ermi^ 

natiort af)6 ^ill, inlgehitkl, lie far iliolrl accurate than the 

simpl|#^l^e^idni& repetition of 

the c^loyattion, with ap^ v^ may thus be 

avoidqd,Sonietime$y indeed^ the^^^ oi v found by this 

repeti|i^i]w|ll copstiftite a diverging^ of a converging 

seriesi ^fti^ in such ca^es, we can oiily ^^mploy a conjectural 
value Gif t;, intermediate between the two precediiis: one^. 

Having sufficiently examined the accuracy of my formula, 
I sMl now reduce it into ^^^^ IMll add a se- 

cond table of the cbefflci ents^ iter stssisting the calculation^ In 

this case/abecomes .0000001 (413 + ^ - ^^tlg' "^ irk^ 

r=.GOooooi (^^^ + — ( 10834^^ 4- -^jf^and'J a 

- ' . "-■ -.',,' — — , e being -x*? and t^ :;= v^(6^ + e^^ — e. or =s 

t4" i# P^^^^^"^ ; as befoi-e* and ill either ease the superficM 

telocity of a river may be fDurid, very nearly, by addiWg^t^ 
rheto velocity t; its square rodt, and the velocity at the' b^tto 
bjr subtracting it 
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IL Of the Resistance occasioned by Flexure in Pipes or Rivers. 

Mr. DuBUAT has made some experiments on the effect; of 
the flej^iire of a pipe in retarding tlie motion of the^^^^ w 
ing,|liirough it ; but ihey do not appear to be by any means suf- 
llai^ to authorise the conclusions Which he has drawn from 
them. ; He directs the squares of the sines of the aJigles of 
flexure to be collected into one sum, which, being multiplied 
by a certain constant coefficient^ and by the square of the 
ialoidfey^iis te> show #e hdght reqiiired for oyer^oming the 
resistance. It is, however, easy to se;e that suqh a rulp imi$i 
|)e fundamentally erroneous, and its coincidence with some 
experiments merely accidental, since the results affbrded by 
it must vary according to the method of stating the problem, 
which is entirely arbitrary. Thus it depended only on Mr. 
DuBUAT to consider a pipe bent to an angle of 144^ as con- 
sisting of a single flexure, as composed of two flexures of 
72^ each, or of a much greater number of smaller flexures, 
although the result of the experiment would only agree with 
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ffie arbitrary division into two parts, which Be has adof tedv 
iKhis difficulty is attached to every mode of computing the 
effect either from the squares of the sines or from the sines 
tKemselves ; and the only way of avoiding it is to attend 
jfieMy to the angle of flexure as expressed in degrees, It is 
natural to suppose that the effect of the curvature must increase, 
as the curvature itself increases, and that the retardation 
mu# i>e invefsfely propdM^ radius o£ curvature, 

oi| very nearly sp ; and this supposition is sufficiently con- 
firmed^ by the experiments, which Mr. Dubuat lias em- 
plpyed? in support of a theory so different^ It might he 
expected that art equal curvature would create a greater 
r0^iita]fice in a larger pipe thart in; a smaller^ since the in- 
eql^tatity irt the m the difierent parts of the fluid; is 

gi^ater ; but this circunistance does not seem to Jhave in- 
fliieiieed the insults of the experiments made with |)ipe| ^f Jan 
inph and 6f two inches diameter: there must alsb be Ipme 
deviation Irorii the general law, in cases of very j^mall !pijies 
having a great curvature, but this deviation canijiot ibe 
determined without further experiments. Of thS 25 which 
©iJBtP:M^ lias made, he has rejected 10 as irregular, beqapse 
ifeiy do not agree with^his theory : indeed 4 of thena, wbwb 
were made with a much shorter pipe than the rest, dilier.^o 
m^ifestly from them that they cannot be reconciled j- but; § 
others agree sufficieptly, as well as all the rest, \yitbtbe^tliep^ 
which I have here proposed, supposing the resistance to be as 
the angular flexure, and to increase besides almost in the same 
proportion as the radius of curvature diminishes, but more 
nearly as that power of the radius of which the index is |^, 
Thus if /be the number of degrees subtended at the centre of 
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aceiimtely, r i=2 '52222^ These calculations are compar- 

ed with the whole of Dubu at's. experiinents in the followiiig 
table. 
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lIFIHalastlhree experiiBents,:the^^ 
IWe'flich^esi'-^ IFhe raiiiis^ of curvMere js^ not,.asGertained:Within^ 
Ihe'tenfh^-df -an^iiich, as DuBUATrhas not menti0ne.d,.the.thiGk- 
ueB^ of ■the^^'plpasi -• The^" iiiean/error^of : his ; formula in, jfifteen. 
ifpeHri^mtS^ '^Mnd'^of TOine in-twenty^ is :^: of the whole. 
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III. Of the Propagation of an Impulse through an elastic Tube, 

The same reasoning, that is employed clorcletermining the 
velocity of an impiilse, transmitted through an elastic solid or 
fluid body, is also applicahle to the case of an iilcompiressible 
fluid contained in an elastic pipe ; the magnitude of the modiiltis 
being properly determined, accofding to the excess of pressure 
which any additional tension of the |>ipe is capable of pro- 
ducing ; its height being isiich; as to produce a teiisioh, which 
is to any small increase of tension produced by the approach 
of two sections of the fluid in the pipe, as their distance to its 
decrement : for in this case the forces concerned are precisely 
similar to those which are employed in the transmission of an 
itiimlse through c^f air enclosed in a lube, or thli%h 

/piiyielastie -^^^Md^^' -•:^ If iti^ 

elsiic^rce varie^^ circumference or dia- 

m<^r above the natural extent^ which is nearly the usual 
constitution of elastic bodies, it may be shown that there is a 
certain finite height which will cause an infinite exteiisibn, ind 
that the height of the modulus of elasticity, for eadh^p^^ ib 
equal to half its height above the base of this imaginary 
column ; which may therefore be called with p^op^i^t^thfe 
noiodiiar column of the pipe : consequently the velocity of an 
impulse will be at every point equal to half of that which is 
dii lb lie hiei^ the velocity 

of an impulse ascending through the pipe being every wherfe 
half as great as that of a, body falling through the cori^spQnd- 
ing point in the modular column, the whole time of ascent 
will be precisely twice as great as that of the descent of the 
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faliiiig l>ociy ; and to the same manner if the pipe be ineiin^d, 
the motion of the impulse may be compared with that of 
a body descending or ascendiii|; |^^^ 
plaiid. 

These propositions may be thus demonstrated : let a be tlie 
diameter of the pipe in its most natural state, and let this dia-- 
meter be increased to h by the pressure of the column c, the 
tube being so constituted that the tension may vary as the 
force* Then the relative force of the column c is represented 
by bcy since its efficacy increases, according to the laws of 
hydrostatics, in the ratio of the diameter of the tube ; and this 
force must be equal, in a state of equilibrium, to the tension 
arising from the change from a to 6, that is, to 6 — a\ conse- 
quently the height ^ varies as --^ 

largedto any diameter ^^ the corresponding pressure required 
to distend it will be expressed by a height of the coMmn^^e^^ 

to (1 — -].' r—, smce — - : ^ : : — — : i ~- y— • Now 

if the diameter be enlarged in such a degree, that the length 
of a certain portion of its contents may be contracted in the 
ratio 1 : i — r, r being very small, then the enlargement will 

be in the ratio 1 : i + -^ , that is, a:' will be ^ • but the ipcr^-^ 

ttieMt of tKe ibi*ce, m of the height, is — . r-^ , which wil 

become — . -Jl-. Now in a tube filled with an elastic fluid, 
the height being b, the force in similar circumstances would 
be rb, and if we make^ == -.. ~i_, the velocity of the pto- 

pagation of an impulse will bf the same in loth cases, Mid 
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will be equal to the velocity of a body whicli has Mien 
tfii*ough' the height f h. Supposing X 'M^MiM^,^'"MS^%ei0it: 

capable of producing tlienec^ pressure becomes j-^;-, 

,^hkhf TOay be called ^^ and for f v^ery other val|ie of at, this 

Mf ht is 4 i — ^1 gv<^ g-^ ^y OT V since ^r becomes-^, j^m« 

9'f^ "so tMth is always equal to half thei different bet#l^ 

^^kttS'ithi actttM heig of the fcolumir aio^e tM^i?en^^aint, 
W^& 'Mlf' the height ■■ <>f ' ■ the ' point ' ' abd¥e' '^- the^ ' Mse. '■ W 'Ihb 
iMtxmti. 

If two values of x, with their corresponding' heights, are 
given, as b and x, corresponding to <: and d, and it is required 

to find a ; we have — ^ : c : : ^^^^ : d, dbx — dax == cbx — 
#&% and .1 = fjfz-if, or i;^^^ if thft height 

^tetisioii<;vary-:iri- .the-.i:'4ti0" 
-df-'#ie]: diimker,^- ^^ i^thatv' :^ Wing r'^^^stiidl^quatitiyf ^i^ss^:* 

— '!1!L±J1 since the sqii^te of ii is evanyee^^ and --=: 2L±J 
For example, if m == 4,, is= |, and ifm== 2,i> :^j: : 3 : 2. 

if; ^p%e Magnitude qf^^^^u^^ JRulsatiomM ft^mM 

Points. 

ffie 'a^mbnstratiohs of Euler, ■ LAGR^NGi/SiI0i:R»l)lfcffi , 
ffesp^tin^ the propagation of sound, have ' tietertairtidJ that 
Ife Velocity of the acmal iriBtion of the individuaFp^ticlesOf 

an ■'ilaiic ill,"-i'Mfert"W'itipl^'6'ls^'^ti'ahsiMittgl^^^ 
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conical y|)ip§,,j^,4i¥^ centre, varies in 

the.simplcmv^iisa ratio .of .the distance from the vertex or 
centre, or in the inverse subduplicate ratio of tlie number of 
particles affected, as might naturally be inferred froih the 
general law of the p-feervMidn of the ascendiiig^ fb#^ 
krtpetus y dn all cases of the communication of motion beitwt§jni 
.el^ftiC|bodies, or the particles pffluidjs of any kinci, ITt^^^ 
is. also another way of considering the; sub^ect,^^.!^^^^^ 
§ |mi|^ goilf lu^i^ri^ay be respecting: wgyes^ dlvei^iiig 

from or converging to a centre. Suppose a straigl^tj^pa 
to be. reflected backwards an4 iprwai^ds in succession, Jby.two 
vertical surfaces, peroendicularta the direction of its motion : 
it is, evident that jn this and every other case of such reflec- 
tions, the pressure against the- opposite surfaces must be 
^ftiil, otherwise the centre of ii^Ma <:)£t^^ whole systfein 
#f !bodtes^|concernei iwojild be displaced by ^their mutiial a^r 
^iffiisj^ v^Ahi is: dSnteary t(i^ the geneiml lawa of .the proper- 
ties of the centre of inertia. Now if^ instead of one of the 
surfaces^ we substitute two others, converging in a very acute 
migle, the wave will be elevated higher and higher as it ap- 
proaches the angle: and if its height be supposed to be every 
where m the inverse Siibduplicate ratio of the distanceof 
the coi^ verging surfaces, the magnitude of the pressure, re- 
duced to the direction of the motion, will be precisely equal 
to that of the pressure on the single opposite surface, which 
ly^flltiptli li^pppi if the elevation vary inversely in the simple 
ratio of the distance, or in that of any other ppv^er than its 
§cpitiife ropt;^ ; 0^ mpde of considering the subj ect affbrdls 
u« Aerefe that in all 
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transmissions of impulses through elastic bodies, or through 
g^l^li^inf fltjii^;iti^ impulse varies inversMy 

in the subdu plicate ratio of the extent of the parts affecfed 
at the same time ; and the same reasoning may without doubt 
be applied to the case of an elastic tube. 

There is however a very singular exception, in the case of 
i^a,?i?^e3CTQssing each other, to the general law of the preser- 
|i^tbii^pf^sc:ending farce appears to be almost suffi- 

C^njt to set aside the universal application of this law to the 
jjliotions of fluids. It is confessedly demonstrable that each 
tpf t^^(Q liyaves, crossing each other in any direction, will pre- 
spve it$ motion and its elevation with respect to the surface 
o>f |he fluid affected by the other wave, in the same manner 
as if that surface were plane : and, when the waves crcJss each 
other nearly in the same direction, both the heip;ht and the 
actual velocity of the particles l^eing doubled, it is obvious that 
the ascending force or impetus is also doubled, since the bulk 
of the matter concerned is only halved, while the square of 
the velocity is quadrupled ; and supposing the double wave 
to be flopped by an obstacle, its magnitude, at the moment of 
the greatest elevation, will be twice as great as that of a single 
wave in similar circumstances^ and the height, as well as tlie 
quantity of matter, will be doubled, so that either the actual 
or the potential height of the centre of gravity of the fluid 
seems to be essentially altered, whenever such Mihterf^ehcie 
of waves takes place. This difficulty deserv^^s thei attentive 
(Consideration of those who shall attemtpt to investigate either 
the most refined parts of hydraulics, or the Dfietaphysical 
pirineq>les of the laws of motion^ 
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■-■%2:Bp-iti£:^M^^t of a Contraction,, advmcing through a CanaL 

If we suppose the end of a rectangular liorizontal canal, 
partly filled with water, to advance with a ^veii velocity, less 
than that with which a wavfe naturally moves on the surface of 
the water, it maybe shown that a certain portion of the Water 
will be carried forwards, with a surface nearly horizontal, 
and that the extent of this portion will be d^tefiriiiiffid, 'f S^ 
nearly, by the difference of the spaces described, ihariy g!#li 
time, by a wave, moving on the surface thusllevat:ed^ahi% 
the moveable end of the canal. The form of tf^ ahterl^r 
terminatbn of this elevated portion, or wav6^ iWaJf ^krf^^M- 
cording to the degrees by which the motion may be isu|^posed 
to have commenced ; but whatever this form miiy be, it will 
cause an accelerative force, which is sufficient to impart suc- 
cessively to the portions of the fluid, along which it fiaissses^ a 
velocity equal to that of the nidveMe eM, so that th^ «l~ 
vated surface of the parts in motion may remain neMy hori-- 
zontal: and this proposition wil^^ be the more accurately 
trlie,tii^ smaller the velocity of the moveable end may be. 
For, calling this velocity t), the original depths, th^ihireai- 
ed depth x, and the velocity of the anterior part of the wave 
J, we have, on the supposition that the extent of the wave is 

already become considerable, ^ = V^, taking the negative 

©r positive' sign according to the direction of the motipn 
©f the eiid 1 since the quantity of fluid, which before occu- 
pied a length expressed by jy, now occupies the length 

y + v; and putting a --^ x === %j x: s= y5-^ . The 



6f' tfe0 siirMe vof the margiri of ith^ wave is indiffereiit to 
tlie Galaalationy and it isum^ its in- 

cjlihati^ni equal to half a: right angle , so that the aeaekrgtiipg 
fo^ca, ^Eting on any thin transverse vertical lamina,: ;ina)?^jbi 
equal to its weight : then the velocity j/ must t)e such, that 
w^hile the inclined margin of the wave passes by §aphlam|oa, 
theiilamina may acquire the velocity z^ by a fofc^ equal rit()^]its 
own: weight ; consequently the time of its passage mtust .b^ 
eqhal i to kthat in which a body acquires the velocity f ^ ,m Mr 
Hrig through a height &, corresponding to : thatr; vekei^ ; 

aM this time is expressed by —; but the spac!#!^desyMfeited by 

the margin of the wave is hot exac^ z^hek:^ 

in question has moved horizontally during its acceleratibii, 

through a space which must be equal to 6 ; the distance ac>- 

described will therefore be % + b, and we have -^=:^=: 
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— 7> (y + f 5^) ^ = ^ + 76 ' but, w being the pr'opiei' coisffl- 

^ ^ {i + ll) ±i ^» and^ +t^ =m y f 5 _j^ j| j q-:;| © .But 



V is small, we may take y + v nearly m */ -, and z — ' ""^ "^ ^ . 

= ^/ (3^6), and x=a ±\/ (safe), while the height of a fluid, 
in which the velodty would be jy, is nearly ^ + -i !^ fa^feV: 
consequently, when the velocity v is at all CGnsideF^ble,#apnust 
be somewhat greater than the velocity of a wave moving on 
the surface of the elevated fluid ; and probably the surlac^ 
of thfe elevated portion will not in this case be perfectly hori-- 



idiifM ; Slit tv^here^p Is small , ij? niayfe taken , ^ith0ut iBa*erikI 
Wfmym 1/ f y or ^v^is m ^^^ ^^^ wMeh is the velocity of every 
IlitiaH WEV'ei^ iriie doeffldeiit ^ ii? tere assiimed the same lor 
the OT&tidB of ia wav^^ a^ for the diseharge through an aperi 
ture, aiii I have TCaspn^ fr^ think this estima^ 

tiohiuffid^iitiy correct. 

Siippbsing now the nioyeable end of the canal to remaiti 
^peitM the? lower p as the height r, then the excess 

of presstirfel oc^c^sioned by the elevation before it, and th^ de^ 
pi^eMon beMiid, will; cam^^^ immediately below the 

mdveaWeiiane, to flow backwards, with the velocitv deterr 
mined bv the heiecht, which is the difference between the le- 
yela • ^ gnd the (p thus fllo wing back, together witH that 

which is! contained in the moveable elevation, must be equal 

--'\_,y t ) _,./ V ;? J _5 .,_; .";, i r i \ .-\ ;'..,;!,:..■ : '--i \,L-i '..'■■.'■■''•-/ '■-:'■ .'.':.■■'': ..y: \ ''-■■" ' • ' ■' . •. - . , ". ' ' " '. ' j ' ■■."■ • -- 

to the, whole quantity displaced. But the depression, behincJ 
ffie^rioveaMe Body^ m according to the circiimstanfces 

(|| tbeil^i^lFf^etherli^^^^^ supposed to end abruptly at thi 
part from which the rriotion begins, or to be continued back- 
wards v^thoijt hmit : in the first case, the elevation z will be 
Wtiie ciepression as v to j; -^t^, the length of the same por- 
lipllv^iofijtlic flaid being varied inversely i that ratio ; in the 
seqopd case, the proportion will be as jy + ^ tojy — z; : and 

the difference of the levels will hez 4-z '^—-^ = ^^orsecond- 



^ ^ ^LxI-=i5L; and first, m %/ ^ c 4- ~ v)z == (a--c) 
^fiiitr^fitce;)' is here considered as equ to m V !L, putting 
- ■{/ & == d,y — V =nia,and, calling a • — c, e,m i/ ~ 

^'^dzeVh,z - (g+ flii)^= -J, and, calling |1 + 
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&dn(i case; equal to 5^77^^ F(» dMairipfej 

suppose the height a 2 feet, 6 = f , ^ =1, and cdiiise- 
^ = 1, then d becomes ^,v z=z 4, arid j = 8 ; and in 
case % m . 1, and in the second 2; rr: .1 4,. 
if t/j the velocity of the obstacle, were great in comparison 
withm \/ f , the velocity of a wave, and the space c below the 
obstacle were small, the anterior part of the elevation wotild 
advance with a velocity considerably greater than the natural 
velocity of the wave: but if the space below the obstacle 
bore a considerable proportion to the whole height, the ele- 
vation ^ would be very small, since a moderate pressure would 
cause the fluid to flow back, with a sufficient velocity, to ex- 
haust the greatest part of the accumulation, which would 
otherwise take place. Hence the elevation must always bei 
less than that which is determined by the equation wV i^ 



:;^ €27, and ^ is at most equal to— V= 4 J?; but since 
the velocity of the anterior margin of the wave can never mate- 
rially exceed m \/ ^ , especially when z is small, and v/ - 
being in this case nearly v/ f + -j^j^^ h ,m^ | •— m ^ b 

I a e^ b \ 

'^^ ^ [-s/ z 4~ y|2a)c^ — v/ b] which, multiplied by %, shows 
the utmost quantity of the fluid that can be supposed to be 
carried before the obstacle. Supposing h 4= f a, this quan- 
tity becomes w v" f . -^ . J ; and if 1 be, for examplti 
^ , it will be expressed by ~^ av, while the whole quan- 
tity of the fluid left behind. 
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K similar mode of reasbriing mayibeUppfe 
pfi tl)^ ppfigati&i 6£^ in particular to that of a coii- 

traction moving along. an elastic pipe. In this case, an in- 
crease of the diameter does not increase the velocity of the 
transmission of an impulse ; and when the velocity of the 
contraction approaches to the natural velocity of an impulse, 
the quantity of fluid protruded must, if possible, be still 
smaller than in an op^n canal; that is, it must be absolutely 
inconsiderable, unless the contraction be very great in com- 
parison with the dianieter of the pipe, even if its extent be 
such as to occasion a friction which may materially impede 
the retrograde inption of the fluid. The application of this 
theory to the motion of the blood in the arteries is very ob- 
vious, and I shall enlarge more on the subject when I have 
the honour of laying before the Society the Croonian Lecture 
for the present year. 

The resistgnce, opposed to the motion of a floating body, 
might in sonie cases be calculated in a similar manner : but 
the priticipal part of this resistance appears to be usually de- 
rivecj from a cause which is here neglected ; that is, the force 
i^quiired to produce the ascending, descending, or lateral in o^ 
tions of the particles, which are turned aside to make way for 
the moving body ; while in this calculation their direct and 
retrograde iBotions only are considered. 

The ^ame mode of considering the motion of a vertical 
lamina ;fpay also be employed for deterniining the velocity 
of a wave of finite magnitude. Let the depth of the 
fluid be a, and suppose the section of the wave to be an 
isosceles triangle, of which the height is 6, and half the 
breadth c : then the force urging any thin vertical lamina 
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in a horizontal direction will be to its weight as b to c; and 
the space d, through which it moves horizontally, while 
half the wave passes it, will be such that ( c — d) . ( ^ -f- f b) =s 

ac, when c ed^=: ^~-^» But the final velocity in this space 

is the same as is due to a height equal to the space, reduced 
in the ratio of the force to the weight, that is, to the Height 

— ~-j, and half this velocity is i ^ 1/ [--— -^], which is the 

mean velocitv of the lamina. In the mean time the wave de- 
scribes the space ^ + ^> ^^^ ^^^ velocity is greater than that 

of the lamina in the ratio of I -f 1 to 1 , that is ^-^^*^ -^ 1 

which, when 6 vanishes, becomes w V ^, as in Lagrange's 

theoretn,-'and,-^when' b is- small,ii^ • j^^-y^^'''^.^ ^^-^ ^'^1^7+%^ ' '''^^ 
^ ^ + i^ ; but if a were small^ it would approach to% W^^ 

V {7. a) , * 

the velocity due to the v^hple height of the wave. 



